Inter-band photo-excitation of electron states with the twisted photons in GaAs, a direct band-gap bulk semiconductor, is considered theoretically. Assuming linearity of the quantum transition amplitudes and applying Wigner-Eckart theorem, we derive a plane-wave expansion of twisted-photon amplitudes and obtain relative probabilities for magnetic sub-level population of the photo-electrons in conduction band. The approach for calculating the position dependent electron polarization, resulting from photo-absorption of twisted light, is described for vertical transitions in the Γ -point. Theoretical predictions for GaAs show the interplay of spin and orbital angular momentum of the twisted photons that alters the magnitude and the sign of photoelectron polarization in the region near photon's phase singularity.
I. INTRODUCTION
The interest in Orbital Angular Momentum (OAM) states of light has been continuously growing since the publication by Allen et al in 1992 [1] . Within the last two decades considerable progress has been made towards understanding the mechanism of photon OAM transfer to the external and internal degrees of freedom in various systems. For recent reviews see, e.g. [2] [3] [4] [5] [6] [7] .
In this paper we focus on the study of polarization of photoelectrons caused by the quanta of OAM light, or the twisted photons, in the conduction band of a direct-band semiconductor with zincblende lattice, such as GaAs. Semi-classical formalism for photo-excitations in bulk semiconductor and semiconductor heterostructures due to twisted photons was previously developed in [8] [9] [10] and addressed electron kinetics in the conduction band.
GaAs is a direct-bandgap semiconductor commonly used in photovoltaics. Due to spin-orbit effects in its energy band structure, GaAs is also a material of choice in spin-polarized electron sources for electron accelerators and polarization electron microscopy, as well as in spintronics [11] . While bulk GaAs has a theoretical limit of 50% polarization of photoelectrons when exposed to circularly-polarized light [12] , in order to achieve higher polarization, up to the theoretical limit of 100%, mechanical strain is applied [13] . However, strained or super-lattice photocathodes are associated with a number of technological and operational challenges, and they have limited quantum efficiancy [11] . Motivated by the need of robust and efficient polarizedelectron source, the authors of Ref. [14] tested a hypothesis that OAM of light can result in additional spin polarization of photoelectrons in GaAs and obtained a null result: no effect of OAM on photoelectron polarization was observed.
In this paper we consider theoretically spin polarization of photoelectrons in GaAs excited by twisted photons. We introduce a quantum mechanical description of a single electron excitation with a twisted photon in an angular spectrum representation, relating the twisted amplitudes to plane wave ones in a factorized form. This formalism has already successfully proved itself by describing transfer of OAM to the electrons bound in a single ion in a Paul trap [15] [16] [17] in measurements characterized by high, nanometer-scale, resolution of target ions.
To the best of our knowledge, there were no prior calculations of electron's polarization in semiconductors excited OAM light. In the same way as topologically structured light reveals details of ions' structure in free space, it is expected that the local band structure in solid state materials will be probed with higher resolution. Experimental studies of semiconductor fluorescence patterns, similar to such classical experiments as [18] , but triggered by the OAM light, may enable access to the information about underlying symmetries in semiconductors. This is of high importance in polarization and perturbation spectroscopy of luminescent species.
The paper is structured as follows: in section II we will outline the earlier developed formalism for the photo-excitations in bulk semiconductors, triggered by zero-OAM light. We will revisit the methods and limitations for applying the Wigner-Eckart theorem to the electronic states in valence and conduction bands in GaAs. Section III is focused on applying the planewave approach to photon states with OAM. In section IV we focus on the Hydrogenic-ion-like treatment of electron photo-excitation, and theoretical predictions of the resulting position-dependent electron polarization pattern. We draw conclusions and outline the prospectives in section V. absorption matrix element is known to be [19, 20] where u k (r r r) are the Bloch states;ελ is the photon polarization state and k k k c , k k k v ,are the electron, hole and photon wavenumbers correspondingly. The term in the under-bracket corresponds to the plane wave vector field. Here one usually makes a common assumption of k k k v , k k k c ,being much less than the zone boundary momentum π/a 0 (a 0 = 5.65Å for GaAs).
Hence the transition matrix can be approximated as
or in terms of the momentum matrix element,
with R R R being the vector pointing to the center of the -th cell in the crystal. The momentum matrix is typically extracted from the perturbation theory together with the dispersion relations for the band structure. The corresponding Bloch states are usually not explicitly calculated. Forbidden transitions proportional to the d 2 r u c u v have been neglected assuming the orthonormality of the Bloch states.
B. Hamiltonian Matrix Element
In our formalism we will assume that the electronic state in a bulk semiconductor is represented by basis states of remote (r) and near (n) classes and follow Löwdin's [21] [22] [23] procedure for treating the remote states as a perturbation to the near states. The Hamiltonian matrix can be schematically expressed as follows:
where the last term is responsible for coupling away from Γ-point and can be considered as insignificant in direct interband absorption in the Γ -point. The wavefunctions for the near states, on the other hand, are dictated by the point symmetry group of the crystal lattice, and usually can be expressed in terms of spherical tensors [21] . This means that one of the proper bases is the total angular momentum basis. It is important to note that the corresponding operatorĤ should be projected onto the extended set (|ψ r |ψ n ). To extract the electronic near states in Total Angular Momentum (TAM) basis we propose to consider coupling to the conduction band in the standard Luttinger Hamiltonian matrix in 6-band model:
where
and (γ 1 , γ 2 , γ 3 ) are the Luttinger parameters [21] , which are known to be (6.85, 2.10, 2.90) for GaAs correspondingly. These terms are correct in proximity to k k k = 0, where one can work with only the near basis of the electron/hole wavefunctions. In many cases, excitonic contributions may be considerable even for vertical transitions in direct vicinity to the Γ-point . This is known not to be the case for previous GaAs photo-injection, so we assume no contribution in this work. The remote contributions are accounted for in expansion coefficients S(k k k), which depend on the global symmetries of the crystal lattice and can be extracted from the group theory analysis. The Hamiltonian expanded in the TAM basis can be symbolically expressed as:
where |α s ; i represents the linear combination of near and remote states describing the "exact" overall behavior of the electron anywhere on the lattice, while |jm are the near Γ-point atomic-like basis states. This formulation allows us to extract the selection rules for the plane-wave excitation of a bulk semiconductor using the Wigner-Eckart theorem:
This way coupling of the photon TAM state to the state of the valence electron being excited becomes explicitly controlled through the Clebsch-Gordan coefficients.
Going back to the eqn. (4), one can rewrite it as:
One can see, that in this form coupling of the photon helicity to the electronic TAM is explicitly extracted via Wigner-Eckart theorem.
III. PHOTO-ABSORPTION OF AN OAM PHOTON STATE
We use Bessel modes to describe the twisted photon states [24] . The corresponding photon vector potential can be obtained by angular spectrum decomposition into plane waves with the fixed longitudinal wave vector q z and pitch angle θ q = arctan(| q ⊥ |/q z ):
where 
in terms of local set of photon helicity states such as
where σ = ±1 is photon helicity and m = ±1, 0. For a more detailed description of the twisted photon state we refer the reader to, e.g., [24] [25] [26] . When substituting the plane-wave vector potential in the under-bracket of eqn. (1) with eqn. (10) for a twisted beam, we get
where the photon's transverse wave vector is κ = q 2 x + q 2 y . Distinctively from the plane-wave case,=(φ q , ρ, z) cannot be assumed to be aligned with any particular direction, but instead form a cone with a fixed opening half-angle θ q around the beam axis (for the considered Bessel mode0. The reference frame is intuitively chosen to be at the optical axis of the beam.
To evaluate photoelectron excitation rates and spin polarization, we can proceed further in the following two steps. 1. Calculate transition matrix elements at Γ-point and limit ourselves to the case when electrons in the conduction band can be assumed to be quasilocalized at a particular ion b b b ≈ R R R , or within an elementary cell of a crystal; 2. Consider the possibility for electrons to migrate b b b = R R R , in which case OAM will be transferred from the photon to the electron remote states, as well as ionic near states.
In what follows we will choose the first step and discuss the second one at the end. Making the same approximations as before and equating R R R and b b b we get
This result is similar to the one before eqn. (2) in [9] , except we keep the (· r r r)-dependent exponent inside the integral and use the expansion in vector spherical harmonicŝ εσ e i·r r r = − √
where A µ jη (, r r r) is the vector potential of multipolarity η and order j. Substituting into the expression for the transition matrix element, we obtain
If one would work out the dipolar approximation explicitly, for r ∼ a 0 one will get:
where i is the summation over chiral polarization basis. After substituting it in eqn. (16) one gets:
where we are following the classical treatment for now and assuming (2) as before. The last integral is the matrix element that one extracts from conventional methods of solving for the semiconductor band structure. We can now factorize and calculate the integral over the reciprocal space using the vertical transition approximation:
where q = κ 2 + q 2 z . Substituting it into the eqn. (18) and using the form of the matrix element eqn. (9), we get
As one can see from this equation, c.f. Ref. [26] , in this case the quantum selection rules coming from the symmetry of the individual ions of the lattice are not affected. The momentum transfer to the crystal lattice is described by the sum
An important observation to make is that in eqn. (20) we have three factorized contributions: angular, envelope and ionic. Angular contribution d j σm (θ q ) and the envelope sum (21) are the terms, analogous to the ones in eqn. (13) in [26] , responsible for the modified selection rules. Similar to the results of Refs. [25, 26] This single-ion approach, though completely excludes the description of the electron dynamics in the conduction band, should accurately describe photo-excitations in Γ-point in GaAs [12, 28] .
Coming back to the case when the equality R R R = b b b is strongly broken, meaning that the excited electrons migrate substantially from the parent ion within the timeframe of interest (before ejection/recombination etc.), the situation changes substantially. One should explicitly calculate the lattice response, describing coupling of the photon topological charge to the near and remote states of the electrons. In this case one is not allowed to make an approximation (2), since it assumes that the electromagnetic field varies insignificantly in the photo-excited region of the crystal, meaning that optical response of all the ions is to a large degree similar. However, this condition may be violated for singular beams. This development is the subject for extensive group-theoretical analysis and computational modeling, which should involve the electron dynamics simulation. Though having great potential, it is left outside of the scope of this paper.
IV. SINGLE ION APPROXIMATION
In this section we will focus our attention on the single-ion approach, in analogy to [12] , which is known to work well for electron states in Γ -point in GaAs (871nm) [28] . Hence, in (20) we neglect the photon TAM transfer to the ion lattice, described by the envelope sum (21) 
where R identifies the position of a particular bound electron in proximity to the Γ-point. This is the result identical to the one for photo-excitations of single trapped ions, developed in [17, 29] . The corresponding photo-excitation rates ∑ m v m c |M µ vc | as a function of distance from the beam center are depicted in FIG. 2 . Since the considered transition P 3/2 → S 1/2 is electric-dipole, the rate is proportional to the beam intensity profile [26] .
In FIG. 3 we plotted the photoelectron's spin polarization in the conduction band
including only transitions from P 3/2 band for unstrained GaAs (left) and only from m=±3/2 for strained GaAs (right) (c. f . Ref. [12] and Ref. [13] , respectively). The polarization maxima for circularly polarized cases are narrow and localized in the low intensity regions at the center and on the periphery. One can see that the polarization remains unchanged for spin and OAM aligned with each other, while it is altered at sub-wavelength distances near the beam center for anti-aligned OAM and spin. The corresponding analytic expressions for the electron polarization for θ q → 0 are listed in Table I .
It should be noted that as long as the pitch angle θ q is small, the spatial pattern of polarization is independent of it within O(θ 2 q ) accuracy. In typical twisted-photon generation approaches θ q ≈ 0.1 [17] , making these predictions accurate at per cent level. ) ) for different sets of photon quantum numbers as a function of the parameter x = 2πb/λ. Top two rows are for unstrained GaAs and bottom two rows are for strained GaAs. It is important to note that when averaging the electron polarization over the entire beam profile, one would get P = cos θ q /2 for unstrained GaAs and twice that value for strained GaAs, which corresponds to the zero-OAM beam incident at a pitch angle θ q to the semiconductor surface. Similarly to the twistedlight effect on individual atoms [24] , integration over the beam position results in the same absorption rate as for standard Gaussian beams (up to an overall factor cos θ q ). Hence, the novel polarization effects due to photon's OAM can be seen only in position-resolved experiments. Our calculation predicts zero degree of electron polarization from linearly-polarized OAM light after integrating over the beam's wavefront, in full agreement with the experimental results [14] .
Therefore, in order to observe the described polarization effects, one needs to design an experiment with subwavelength position resolution and a method to mitigate effects of photo-electron diffusion that could smear spatial distribution of polarization. One possibility is to use a sub-wavelength sample of GaAs. For this purpose, we calculated the average degree of photo-electron polarization in conduction band as a function of the GaAs sample size, centered at the beam's optical axis FIG. 4 . As one would expect, average asymmetry approaches the plane-wave limit as the radius r increases. Shaded areas correspond to the limit when dimensional confinement effects become strong, and bulk GaAs approach is no longer valid. Since confinement effects are not accounted for in this formalism, our calculations are expected to diverge from experimental results in the shaded regions. Nevertheless, one can see from FIG. 4 that sample sizes of ≈200 nm potentially allow to clearly observe the polarization effects due to OAM.
Our approach differs from the one developed in [9, 10] since we use a single-particle formalism and factorization of the plane-wave contributions at the level of the matrix element and neglect subsequent dynamics of photoelectrons after the excitation into conduction band. In addition, we made specific predictions on photoelectron polarization from the twisted light that could not be found in prior literature.
V. CONCLUSIONS
We have shown theoretically that twisted photon beams have the capability of transferring the angular momentum degrees of freedom to electrons in semiconductors, when exciting them in Γ-point into conduction band of semiconducting crystal lattice. The transfer signature may be observable in the form of electron polarization and it differs from the theoretical value of 50% polarization for unstrained GaAs (and 100% for strained) in beams without OAM. Spatial distribution of the photon absorption rates are predicted (in the linear regime) to be proportional to the beam intensity profile, i.e. the rates follow doughnut-like behavior characteristic for Bessel or Laguerre-Gaussian beams. On the other hand, the photoelectron spatial polarization pattern is predicted to exhibits concentric rings of differing polarization states from those expected from beams with zero OAM. In the case with circularly polarized photons, one may expect to observe polarization singularities near the optical vortex center for the case when photon OAM and spin are anti-aligned, as well as the rings, mentioned earlier. Spatial electron confinement in arrays of quantum dots can produce similar and even enhanced (due to higher position resolution) polarization patterns. We found that photo-electron polarization averaged over the beam position is zero for linearly polarized OAM light, in full consistency with experiment [14] .
We demonstrated that for electron excitations in Γ -point in GaAs, the photon beams with OAM should be able to transfer TAM directly to electron degrees of freedom. It has been argued that the traditional approach of position-averaging the optical response over the entire semiconductor will not be suitable for the more general description of photo-excitations in a bulk semiconductor by singular beams, and possible ways to tackle this problem have been discussed. We showed particular cases when OAM and spin AM completely cancel each other in their effect on electron's magnetic quantum number, leaving only electron transitions with ∆m = 0; or OAM completely dominating photon's spin effect, such that ∆m has the opposite sign compared to the transitions caused by plane-wave photons.
We show that the geometric dimensions of the areas of the photoelectron polarization in vortex center altered due to photon's OAM in paraxial approximation is only defined by the beam's topological charge and photons wavelength, but it is independent of the vortex pitch angle θ q or the "doughnut" radius in the Besselbeam intensity profile (while the photoexcitation rate remains strongly dependent on θ q . The electron's polarization significantly changes over the sub-wavelength distance (≈ λ/3) away from the vortex center, therefore the mentioned independence of polarization profile on the "doughnut" size can be instrumental for polarization-enhanced sub-wavelength resolution optical microscopy. The same polarization feature can possibly be used for alignment of laser beams in space with sub-wavelength accuracy.
To verify the above predictions experimentally, it is important to localize the photoexcited electron within photon's sub-wavelength distance around the optical vortex center, otherwise the electron's diffusion would smear the polarization pattern. Such effects are likely to be seen in sub-micron-sized samples of GaAs, or quantum dots, with non-overlapping (isolated) atomic-like electron states.
If verified experimentally, the predicted polarization behavior could contribute to the study of semiconductor electron devices, polarized electron sources, and photovoltaic cells, since it provides insight into spatialtemporal dynamics of photoelectrons at the scales of a fraction of photon's wavelength. This formalism can be directly applied to the development of fluorescence theory in GaAs, which potentially could help us learn more about its bulk properties and band structure. Using the formulation of the photo-absorption matrix element, from section III, one could also proceed with the development of the solid state theory of dark excitons [30] in semiconductors. 
